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By using the Lewis-Riesenfeld theory and algebraic method, we present an alternative
approach to obtain the exact solution of time-dependent Hamiltonian systems involving
quadratic, inverse quadratic and (1/x)p + p(1/x) terms. This solution is discussed and
compared with that obtained by Choi, J. R. (2003). [International Journal of Theoretical
Physics 42, 853].
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In the last few decades the problem of time-dependent systems have played a
major role in the study of several physics phenomena. A great deal of attention has
been paid to some specific problems of time-dependent oscillators among them
the time-dependent singular oscillator (Calogero, 1969; Calogero, 1971; Malkin
and Man’ko, 1972; Dodonov et al., 1974; Markov, 1989; Maamache, 1995, 1996;
Pedrosa et al., 1997; Dodonov et al., 1998; Trifonov, 1999; Maamache et al.,
1999a,b; Um et al., 2002; Maamache and Chourti, 2000; Maamache and Bekkar,
2003; Pedrosa and Guedes, 2003; Yiice, 2003). In fact this specific problem
has been studied extensively in different directions by many authors who obtained
closed-form solutions in explicit form . The construction of the invariant (constants
of the motion), which has attracted much attention describes a quantum system
governed by a time-dependent Hamiltonian. Lewis and Riensenfeld (Lewis and
Riesenfeld, 1969) have shown that, if the system admits an invariant 7(¢), it is

! Laboratoire de Physique Quantique et Systémes Dynamiques, Faculté des Sciences, Université Ferhat
Abbas de Sétif, Sétif 19000, Algeria.
2To whom correspondence should be addressed; e-mail: maamache_m@yahoo.fr

2223
0020-7748/06/1100-2223/0 © 2006 Springer Science+Business Media, Inc.



2224 Maamache, Menouar, and Krache

possible to find a privileged basis of eigenstates of this operator, which when
multiplied by suitable time-dependent phase factor, evolve according to the time-
dependent Schrodinger equation.

In a recent paper (Choi, 2003), the quantum time-dependent Hamiltonian
systems involving quadratic, inverse quadratic and (1/x)p + p(1/x) terms has
been considered. The term containing (1/x)p + p(1/x) gives the expression con-
taining %% in coordinate space that appears in radial equation of quantum many
body problems (Calogero, 1969; Um et al., 2002).

In this paper, we shall derive the correct wave function of a time-dependent
Hamiltonian system involving quadratic, inverse quadratic and (1/x)p + p(1/x)
terms using the Lie algebraic approach previously developed (Maamache, 1995).

Let us consider the time-dependent Schrodinger equation

d
ihgl//(x,t)= H(t)y(x, 1) e))

associated to the Hamiltonian defined in (Choi, 2003)

2 ,  E() 1 1
Hx, p,t) = A@t)p” + B(t)(xp + px) + D(t)x” + 2 + C(1) )—Cp + p;

2)
where A(t) B(t),C(t), D(t), E(t) are time-dependent coefficients, and x and p are
the canonical coordinates.

The ratio % and i;; are constant, this fact can be easily inferred from
Equations (7)—(9), (11) and (13) of Ref. Choi (2003). Also, this can be explained
by the fact that that its Hamiltonian is a linear combination of generators of the
SU(1,1) algebra.

Note that the fact that the ratio % is constant, does not have to be imposed
as stated in Ref. Choi (2003).

For the construction of an exact invariant for the quantum system described
by the time-dependent Hamiltonian (2), we perform the time-dependent unitary
transformation

Y(x, 1) =U@®)e(x, 1) €))
where
_ z_ 2C(t)B(t)
U(t) = exp |:h / A dt] 4)

Under this unitary transformation the Schrodinger Equation (1) is mapped
into

a ~
ipr. 1) = Hx. p.0p(x. 1) ©)
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where the new Hamiltonian H (x, p, t) as a linear combination of the Hermitian
basis, i.e.

H(x, p,1) = ATy + B()T» + D(1)T; (©6)
where
o EL C(L 1
=P Ax2 A xp px
2C
Ty=xp+px+ = ©)
T3 = .X2

which are closed with respect to the generators of the algebra SU(1,1); i.e.,
[T\, T»] = —4ihT,
[T>, T3] = —4ihT3 ®)
[T5, T\] = 2ihT>.

We note that the above Lie algebra {7, 75, T3} is identical to the oscillator

algebra.
Now, we look for the invariant in the form
1) = (DT + 2T + n3()7T5. 9
Using %—f = ’—h [I , H ] and the fact that % and % are constant, we may obtain

the u, coefficients of Equation (9) as
11 = 4 oD — 1 B)
fo =2(usD — i A) (10)
B3 = 4(u3B — n2A)

which can be simplified by setting 11; = p? where p is the solution of the auxiliary
equation

"t—A'l+2 2AD+AB—2B2—B) t)=4EA : 11)
) Zp() ( T p@) = m (

and

1
pa = g(zszm — p()p(1)),

1

E
= 5 @Bp() = p) +

A p%(1)

12)
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Thus, the invariant can be written in the form

1(t) = p*(t) I e A L(2B,o(t)—,f>(t))2
Prae T a\GPTrPy 4A2

LE ) 2Jri(zB (1) — p(t) (t))( + +2—C) (13)
A 220) o [% o)p Xp+px+—

Equation (13) agrees with h the invariant operator obtained in Ref. Choi
(2003), if we set % constant in Equation (22) of Ref. Choi (2003). Recall that % is
constant according to Equations (7)—(9), (11) and (13) of Ref. Choi (2003) even
though it is not explicitly stated in Ref. Choi (2003).

According to the Lewis-Riesenfeld theory (Lewis and Riesenfeld, 1969),
given a physical system that contains an invariant operator /(¢), the following
results can be obtained:

(a) its eigenvalues 1, are time-independent,

I (x, 1) = Ann(x, 1), (14)

(b) its eigenfunctions ¢, (x, t) depend on time.
When ¢, (x, t) are multiplied by suitable phases such as exp [i«,(1)],
with o, (¢) verifying

3~
hay (1) = <¢n|ih5 - H(t)l¢,z>, 15)

then, the wavefunctions ¢,(x, ) = exp [ia,(¢)] ¢,(x, t) evolve according to the
time-dependent Shrodinger equation. The general solution ¢(x, t) can then be
written as

ox, 1) =Y Coe' ™V, (x, 1) (16)

where C,, are arbitrary constant coefficients fixed by the initial conditions of the
physical system.
Let us consider the unitary transformation

@, (x) = S(t)pn(x, 1) A7)
where the time-dependent unitary transformation

ilnp(t)
2h

(xp + px)> x exp( 2 x2> (18)

S(t) =exp ( T

changes x as

x — SxS7!' = px (19)
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and p as

P K2

P M

and which when it acts on awave function in the x representation gives

ST t)pu(x, 1) = exp (_ln 'O(t)) X exp <— et x2> bn (lx, t). (21)
2 2huy P
Under this unitary transformation the eigenvalue Equation (14) is mapped
into ordinary one dimensional time-independent Schrodinger equation similar to
the radial equation of a two-dimensional harmonic oscillator in presence of the
Aharanov—Bohm effect (Aharonov and Bohm, 1959; Haggen, 1990)

p— SpS~! = (20)

a2 1a ) 1
_8)(2 +Cl;—ax —Ccx™ — d; + ; ®,(x)=0 (22)
__ 2iC _ _E __ E+4inC
Wherea—ﬁ,c—mandd— A

If one define the new variable
y=x (23)
and express ®,, as
@,(y) = y e yu(y) (24)

where k and ¢ are given by

1 ic 1 E e
k=——l——|——\/—+ (25)

4 2hA "2\ 4 T RZA RiA?
1 [E 06)
="V A

then, the above eigenvalue Equation (22) takes the form of associated Laguerre
polynomial equation

2y . 1 (A, [A
(0 ®) 0 <5>+§(_\/;_m_1)><n(s>=o 27)

02 o0& 2h
where
§= LJE (28)
“avar
and

e £ C 29)
"ENE T 24T Az
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We can express x,(&) in terms of Laguerre polynomial as

X&) = Ly&) (30)

1 xn\/X X .
"=a\aVE " GV

and consequently the constant eigenvalue A, is exactly given by

where

E
Ay = Zh\/;@n +m+1). (32)

Once again, these eigenvalues A, are similar to those found in Ref. Choi
(2003) if one set % constant in Equation (40) of Ref. Choi (2003). The normalized
eigenfunctin ®,, can be written as

1
m+11]2
®, (0) 2I'(n + 1) 1 |E mtl-ic
)= —[=/— X A
Thi+m+1) \rY A *

1 |E 1 |[E
X exp (_ﬁ\/;) x2 x L <£ sz) . (33)

The complete normalized eigenfunction /(¢) is thus given by

Gn(x, 1) = Silq)n(x)

m+1 % _ic
2'(n+ 1) 1 [E N e
- | —\/— — X X 27 WA
Fn+m+1) \hp2V A P

§ i Yy 2 [E| ol [E

exp! —= | — - = — )= |x — /=X

P74 na AR TAY "\ 2V A
(34)

It should be pointed out that the eigenfunction [Equation (34)] of the invariant
operator seems to be similar to the Choi’s eigenstate [Equation (41) of ref. Choi
(2003)]. However they are not similar because of the different definition of the
constant m . In the present paper m is defined by Equation (29) which is different
from the m defined in Equation (36) of Ref. Choi (2003).

There remains the problem of finding the phases «, () which satisfy the
Equation (15). By inserting Equation (34) into Equation(15), we can find

VEDOAD) € / P
0

- 35
p2(t") kA Jo p(t) G

o,(t) =-202n+m+ 1)/
0
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Therefore the exact solution of the original Schrodinger Equation (1) associ-
ated to the Hamiltonian H (x, p, t) (2), can now be found by combing the above
results. We finally obtain

m+1 2
) [z (1 fE
Yn(x, 1) = UO)pu(x, 1) = F'nm+m+1) <hp2 A)

iC
1\ i ppi_ic 1] i o 2 E| ,
_ 27 _2 |2 = Sl el
* <p<0)> o exp! 4[hA( >+hp 2y ]x

x LY (L\/§x2> X exp {—21' 2n+m+ 1)/ E@Aw) dt’

hp2 2(1‘/)

/‘ ZCB ,}' (36)

where the global phase is given by

YEORT 1, & [128, g

Note that the wave function found here (Equation (36)) and the global phase
(Equation (37)) are different from those derived in Ref. Choi (2003) even if % is
set constant in Equation (46) of Ref. Choi (2003).

The expressions (36) for ¥, (x, t) recovers ones for the particular cases C =
0, considered previously (Pedrosa et al., 1997; Trifonov, 1999). While for this
particular case (C = 0) the Choi wave function failed to recover the wave function
of (Pedrosa et al., 1997; Trifonov, 1999) (there is an extra factor % in the phase);
to check this, one has to substitute A — % and £ — % in the phase (Equation
(45)) of Ref. Choi (2003).

For B = C = A = E = 0 the wave function v, (x, ) Equation (36) coincide
with those found in (Dodonov et al., 1998).

In summary, we give an alternative and correct approach to find the wave
function of a system described by the Hamiltonian (Equation (2)). This simple
method is based on dynamical invariant and SU(1,1) algebra. We believe that the
present method gives the correct result compared to a recently published one.

0,(t) = —2(2n +m + 1)f
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